We study the geometry of orientifolds in the SU(2) k WZW model. They correspond to the two inequivalent, orientation-reversing involutions of S 3 , whose fixed-point sets are: the north and south poles (O0), or the equator two-sphere (O2). We show how the geometric action of these involutions leads unambiguously to the previously obtained algebraic results for the Klein bottle and Möbius amplitudes. We give a semiclassical derivation of the selection rules and signs in the crosscap couplings, paying particular attention to discrete B-fluxes. A novel observation, which does not follow from consistency of the one-loop vacuum diagrams, is that in the case of the O0 orientifolds only integer-or only half-integer-spin Cardy states may coexist.
Introduction and summary
The purpose of the present work is to study orientifolds of the Wess-Zumino-Witten model on the group manifold of SU (2) . The problem has been considered from an algebraic point of view in [1, 2, 3, 4] . Here we will elucidate its geometry, thereby clarifying and extending the previously obtained algebraic results. Our approach will be analogous to the one used for the D-branes of this model in [5] (for some related works see [6, 7, 8, 9, 10, 11, 12] ). One important motivation for studying the SU(2) WZW model is its relevance in describing the near-horizon geometry of the Neveu-Schwarz fivebranes [13] . 1 The WZW models are, also, of interest as toy models of warped compactifications of type-I string theory (for a discussion of this point, and more references, see [16] ).
Our results in this paper can be summarized as follows:
1. The possible (classes of) orientifolds correspond to the inequivalent orientationreversing Z 2 isometries of S 3 . The requirement of orientation reversal follows from the invariance of the Wess-Zumino term in the σ-model action. The fixed points of the two such inequivalent isometries are (a) the north and south poles, or (b) the equator two-sphere (denoted respectively O0 and O2).
2. The action of the Z 2 isometries on closed-string vertex operators dictates the form of the Klein-bottle amplitudes in the direct channel. One recovers the result proposed in [1, 2, 3] . The same amplitudes in the transverse channel give the couplings of the crosscap to closed-string states, up to a sign.
3. In general, perturbative orientifolds can be further distinguished by the Bflux they support [17, 18] . This flux is either integer (O − ) or half-integer (O + ). In our case, the two O0's at the S 3 poles are of the same or opposite type, according to the parity of the Kac-Moody level k. This is consistent with previous observations [19, 20, 21, 22] that an O6 orientifold changes type when intersecting a NS fivebrane. This fact, together with the explicit form of hyperspherical harmonics, explain furthermore the selection rules found in the crosscap couplings, and fix completely the sign ambiguities.
Combining the crosscap couplings with the well-known D-brane couplings, gives
the Möbius-strip amplitudes in the closed channel. The transformation to the direct channel fixes the signs of the projections on open-string states. We explain why these are consistent with the geometric action of the Z 2 isometries. One subtle feature, that does not follow from consistency of one-loop vacuum amplitudes alone, is that only half of the WZW branes may coexist for a given choice of O0 orientifolds.
5. We verify that the absolute value of the crosscap couplings reduces, for large radius, to the expected tensions of flat-space orientifolds. We also extend the analysis in [5] , and show that the Dirac-Born-Infeld action gives the exact (ratios of) D-brane couplings to all higher, closed-string harmonics on S 3 . Finally, we discuss briefly the extension of our analysis to AdS 3 .
Note added in proof: While we were completing this paper, there appeared the preprints [34, 35] which contain some overlapping results.
Geometric O0 and O2 orientifolds
The SU(2) group manifold can be parametrized as
with the X i taking values on a three-sphere of radius L. Two standard parametrizations of the sphere are (a) in terms of polar coordinates:
with ψ, θ ∈ [0, π] and φ ∈ [0, 2π], or (b) in terms of Euler angles:
with α ∈ [0, π/2] and β, γ ∈ [0, 2π]. Strictly-speaking, the Euler angles are α and the two linear combinations β ± γ. The orientifold operation, Ωh, is a combination of worldsheet orientation reversal, which for closed strings reads
and of a Z 2 isometry h of the target manifold. All isometries of the three-sphere can be realized as O(4) rotations in the embedding four-dimensional space, so that modulo conjugation by a group element
The fact that h is an isometry ensures the invariance of the metric term in the σ-model action. However, the non-trivial Neveu-Schwarz antisymmetric background imposes one extra condition. Since Ω flips the orientation of any 3-manifold whose boundary is the string worldsheet, h must flip the orientation of the target threesphere whose volume form is proportional to the NS field strength H = dB. This is required for the invariance of the Wess-Zumino term in the σ-model action. Put differently, we must make sure that the orientifold projection does not eliminate the B-field components that are turned on in the WZW background. We are thus left with two inequivalent possibilities (see Figure 1 ):
In terms of polar and of Euler coordinates this action reads:
The fixed points of this transformation are a pair of O0 orientifolds, located at the north and at the south pole of the three-sphere (at ψ = 0, π).
• h 2 = diag(−1, 1, 1, 1) which maps g → −g † , or explicitly
The fixed-point locus of this isometry is an O2 orientifold that wraps the equator two-sphere (at ψ = π/2).
Notice that there are neither O1, nor O3 orientifolds. Note also that in a complete string background the orientifolds may acquire extra spatial dimensions, as we will discuss later in the context of the type-II NS fivebrane. In general, the type-II orientifold may contain both Ωh 0 and Ωh 2 , and hence also their product h 0 h 2 = −1. The latter is the freely-acting isometry that is modded out when passing from SU(2) to SO(3) ≃ SU(2)/Z 2 . In this case, quantization of the NS flux requires that the Kac-Moody level k be even. The corresponding orientifolds are, in the language of [1, 2, 3] , 'open descendants' of the non-diagonal D-series models. The SO(3) model in particular will be discussed in a separate paper by one of us [23] . More general orientifolds gauge a group of the form Γ ⊕ Ωh 0 Γ or Γ ⊕ Ωh 2 Γ, with Γ any discrete group of orientation-preserving isometries. This would be relevant, in particular, for orientifolds of the E-series models, as well as for orientifolds of string compactifications on the Lenz spaces S 3 /Z n . We will not discuss such models in the present work.
Klein bottle and selection rules
From the geometric actions (2.6) and (2.7) we can easily deduce the Klein bottle amplitudes. These implement the orientifold projection on closed-string states, which in the (diagonal) bosonic A-series models are of the form
Here P(J a n ,Jā n ) is a polynomial in the left and right Kac-Moody currents, and |j, m,m is a lowest-weight state transforming in the (j, j) representation of the global SO(4) ≃ SU(2) L × SU(2) R . The allowed values of j are 0, 1/2, · · · k/2, and m,m are the J 3 andJ 3 eigenvalues. The full string-theory background has extra CFT components besides the WZW model -we have denoted the corresponding component of the closed-string state by |rest . Physical states must of course also obey the Virasoro conditions.
We need the action of the orientifold operations on (3.1). First, notice that both Ωh 0 and Ωh 2 exchange the left-with the right-moving currents,
The two inequivalent orientifolds differ, however, in their action on the primary states. The corresponding vertex operators are the (ultra)spherical harmonics, which can be expressed as homogeneous polynomials of degree 2j in the Cartesian coordinates X M . In the Euler parametrization they take the form
where P j mm solve a second-order differential equation, and are related to the Jacobi functions [24] . The explicit form of these functions is not important for our purposes here. All that matters is that they are symmetric under the interchange of m and m. Using this fact, and the transformations (2.6) and (2.7), we find the following actions on the closed-string primaries: We are now ready to write down the Klein-bottle amplitudes. These receive contributions only from m =m states. Denoting by χ j the Kac-Moody characters, and using the identity 2m = 2j (mod 2), we find:
and
Here q = e −2πt , and Z rest is the contribution of the CFT with which the WZW model is being tensored. The overall sign must be chosen so as to symmetrize the states in the singlet (j = 0) sector. This ensures that the identity operator is not eliminated by the orientifold projection. Expressions (3.5) and (3.6) agree with those proposed, on the basis of purely algebraic arguments, by Pradisi et al [1] . We have derived them here from a geometrical viewpoint.
To extract the tension and other properties of the orientifolds we need to express the Klein bottle amplitudes as an exchange of a closed string between crosscaps. This transformation to the 'transverse channel' is achieved by the change of variables
and by using the modular property of the characters
Consistency requires the final result to be of the general form
with the C j 's giving the orientifold (or crosscap) couplings to closed strings in the (j, j) representation of the current algebra.
The modular-transformation matrix of the WZW model reads:
Putting this expression in (3.5) and (3.6), and doing the sums of the sine functions, leads to the 'crosscap coefficients' [1] :
Here E n is a projector onto even integers (we will also need the projector onto odd integers, O n ). Explicitly:
We have also introduced the normalization factors 14) for reasons that will become apparent later. Since we have only computed the squares of the C j 's, there is at this point a sign ambiguity parametrized by ε 2) . Notice that all the crosscap couplings are real -changing the overall sign of the Klein bottle would have made them imaginary and is, hence, inconsistent.
To understand the meaning of these formulae let us focus in particular on the couplings of the dilaton. These should follow from an effective orientifold action 15) where T O is the orientifold tension,ĝ the determinant of the induced metric, and the dots stand for higher α ′ corrections. The power of e Φ is the Euler character of the real projective plane, which is the same as that of the disk diagram. Now let us expand the dilaton in terms of hyperspherical harmonics:
We are here using a basis in which, instead of fixing the eigenvalues of J 3 andJ 3 (as in the previous section), we are fixing the angular momentum under the diagonal SO(3) subgroup of SO(4) ≃ SU(2)×SU(2). This is convenient because only the L = M = 0 components couple to spherical sources, like our orientifolds or the WZW D-branes. The other components in the decomposition (3.16) will vanish upon integration over θ and φ. The coupling of the jth dilaton harmonic to a spherical source located at ψ 0 must, therefore, be proportional to F j00 (ψ 0 ).
Consider first the O2 orientifold, which is located at the equator of the threesphere, ψ = π/2. The functions F j00 (ψ) are the Gegenbauer polynomials:
while Y 00 = 1/ √ 4π. From equations (3.15) and (3.16) we thus derive the following effective couplings of O2 to the Φ j00 :
where L is the radius of the three-sphere, and we have used the obvious identity : sin[(2j + 1)π/2] = (−) j E 2j for integer or half-integer j. This effective field-theory calculation 'explains', firstly, the selection rule, i.e. the presence of the projector E 2j . Indeed, harmonics corresponding to odd 2j vanish on the equator two-sphere, and hence do not couple to the O2 orientifold (at least to leading order in α ′ ). The same calculation fixes also the sign ambiguity in expression (3.12):
We will confirm these signs by computing the Möbius amplitudes later on. A more detailed comparison of (3.18) with (3.12) is a priori possible only in the semiclassical (large radius) limit, and requires a careful match of the normalizations of exchanged closed-string states. We will return to this problem in the following section. Suffice, for the time being, to say that both the selection rules, and the sign of the couplings is not affected by normalization factors. Let us consider next the O0 orientifolds, whose coupling to the dilaton is the sum of a north-pole and a south-pole term: Now the only F jLM that don't vanish at the poles are those with L = M = 0 (or else the function Φ would have been singular). Evaluating the Gegenbauer polynomials at the poles (by taking a limit) leads to the following effective O0 couplings:
To proceed further we next need to look into the precise nature of the north and south orientifolds. Indeed, as explained very clearly in [18] (see also [17, 21, 22] ), perturbative orientifolds come in two types according to the discrete torsion of the Neveu Schwarz field B.
2 More explicitly, the orientifolding operation replaces a small sphere S n around the orientifold by one copy of RP n . In the case at hand, assuming for simplicity that the remaining space time coordinates are spectators, we have n = 2. The flux of B through this RP 2 can be either half-integer or integer -this is the only gauge-invariant statement one can make. The corresponding orientifolds are denoted O + and O − . These give rise, in the flat-space limit, to respectively symplectic or orthogonal D-brane gauge groups.
What kind of orientifolds do we have in our case? A priori we may think we are free to choose, but there is one global consistency condition. The B-flux out of the RP 2 around a pole is half the flux coming out of the corresponding S 2 before the orientifold projection. Consider now two infinitesimal two-spheres around the north and the south poles of S 3 . Since (in units 4π
the two orientifolds are of the same type for k even, and of opposite type if k is odd. 3 Orientifolds of opposite type have tensions that differ by a sign, so that
Plugging into (3.21) leads to our final expression for the effective O0 couplings:
This 'explains' the selection rule found in (3.11) by the Klein-bottle calculation, and fixes also the sign ambiguity:
The Möbius strip calculation in section 5 will give an independent confirmation of these signs. First, however, we turn to a comparison of the orientifold couplings C j with the couplings of WZW D-branes.
Comparing D-branes and orientifolds
The WZW SU(2) model has one type of Cardy state [25] for each integer or halfinteger value of the spin s, with 0 ≤ s ≤ k/2. The explicit expression of these boundary states gives directly their couplings to closed-string fields. Equivalently, one can read these couplings off the annulus diagram. For an open string stretching between a D-brane of type r and one of type s the annulus diagram reads:
Here N j rs are the Verlinde fusion coefficients, whose non-zero values are
Using the modular transformation of the characters we can write the amplitude in the transverse (cylinder) channel as follows:
where 4) and N j are the normalization coefficients given by eq. (3.14). The D j r describe the couplings of a D-brane of type r to the closed strings in the (j, j) representation of the current algebra. They are the counterparts of the crosscap coefficients C j of the previous section. Note that in an orientifold background they should be multiplied by an extra factor of 1/ √ 2. The semiclassical study of the Cardy states [5] is based on the Dirac-Born-Infeld action for a D2-brane,
Here T D2 is the brane tension and F the worldvolume gauge field. We consider for definiteness seven flat spectator dimensions, so that g is the natural metric on R 7 × S 3 . This background has ofcourse a dilaton tadpole, but this will not affect our present discussion. Let us now choose a convenient gauge in which the NeveuSchwarz background reads
where n 0 is an integer parametrizing a (residual) freedom of 'large' ψ-independent gauge transformations. We will say more about this freedom later on. Using the underlying group symmetry, we can furthermore bring the center-of-gravity of the branes to the north pole. The stable configurations can then be shown [5] to correspond to two-spheres spanned by the polar angles θ and φ, and carrying a worldvolume 'monopole' flux
The branes sit at the latitude
where the DBI energy is minimized. To make contact with the CFT, one must relate the label s of the Cardy states to the (gauge-invariant) flux, 9) and identify the three-sphere radius with the Kac-Moody level, L 2 = (k + 2)α ′ . We have included here the well-known radius shift, which effectively resums an entire series of α ′ corrections to the WZW background. Consider now the dilaton couplings, which follow by linearizing the DBI action (4.5). Plugging (4.6-4.8) in this action one finds
Notice the single power of sinψ n in this expression. Simple geometrical area is proportional to sin 2 ψ n , but the DBI energy is larger because of the contribution of B and F . Expanding the dilaton in hyperspherical harmonics as in (3.16) , and using the Gegenbauer polynomials (3.17), leads easily to the following effective D-brane couplings:
These should be compared to the exact CFT results (4.4). The first thing to notice is that for given j, and after taking into account the radius shift, the ratios of effective couplings match exactly those of the CFT,
This agreement was pointed out for j = 0 in [5] , and we see here that it continues to hold for all j. It suggests that the DBI and CFT calculations differ only in the precise normalization of the exchanged closed-string states. In order to compare this normalization, we must use the relation between the two different bases of hyperspherical harmonics,
The field theory calculation gives the coupling to the state on the left-hand-side, while the CFT calculation gives the coupling to each individual state |j, m, −m . The meaningful ratio is thus
where
The j-independent factor in the right-hand-side of (4.14) is uninteresting -it simply accounts for the gravitational coupling and S 3 volume sitting in front of the 7d supergravity lagrangian [5] . The remaining factor inside the brackets approaches one in the semiclassical, k → ∞, limit. For finite k it should, in principle, arise from α ′ corrections to the closed-string action. These combine elegantly, in the case at hand, to form the ratio of a quantum and a classical dimension. This fact could prove of interest in searching for gravitational analogs of the Born-Infeld action (see [30] for a recent discussion of non-linear gravitational actions).
Let us go back now to the orientifolds, whose closed-string couplings are given by equations (3.11) and (3.12). In section 3 we explained the origin of the selection rules, and reduced the sign ambiguities to an overall, j-independent sign. In order to better understand now the magnitude of the crosscap couplings, it is convenient to compare them to those of D-branes, whose normalization we have discussed with great care. Taking ratios one finds :
In the large-radius limit the D2-brane reduces to a collection of 2s + 1 D-particles, all sitting at the north pole of the three sphere. Using the well-known relation between D-brane tensions (see [31] ) one finds :
This is what one should expect for, respectively, two O0 orientifolds (of same or opposite type according to the parity of k), and for an O2 orientifold wrapping the equator two sphere.
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It is intriguing to observe that the exact expressions of the crosscap couplings of the O0s, resemble those for a (hypothetical) D-brane with (gauge-invariant) flux one half. This is suggestive of an exact semiclassical argument, like the one that worked for the D-branes, though there is no a priori reason why such an argument should exist. 5 To check the factors of 2 in the above expressions, note for example that in the case of a flat three-torus and a single D-particle (s = 0), a similar calculation would have given a numerical factor 2 3/2 / √ 2. Since on T 3 there are eight O0s , while on S 3 there are only two, we have to divide this result by 4. This reproduces the factor in (4.18).
Möbius amplitudes
After the Klein bottle and the annulus, we turn now our attention to the Möbius amplitude which implements the orientifold projection on open-string states. Our geometric analysis will both clarify and extend the algebraic results of [1] . We will show, in particular, that in the O0 case only half of the WZW D-branes can coexist. This is a finer requirement, not dictated solely by consistency of the genus-one vacuum amplitudes.
In order to write down Möbius amplitudes it is convenient to work with the basis of real characters:χ
The Möbius amplitude is given by a linear combination ofχ j (q) in the direct channel, andχ j (q) in the transverse channel. The relevant transformation is implemented by the matrix
In the case of the WZW SU(2) model a straightforward calculation gives [1, 2]
We have included, for the reader's convenience, the calculation of this P matrix (which requires some finite Gauss sums) in an appendix. Since we only study SO(3)-invariant configurations, our D2-branes will be always parallel to the O2, or have the O0s at their geometrical center. More general configurations, including branes and orientifolds at angles, are beyond our present scope. We also restrict our attention to elementary branes, and will not discuss Chan-Paton multiplicities.
D-branes of O0 models
Since h 0 maps the spherical D2-branes onto themselves, the Möbius amplitude involves in this case open strings attached to a single D-brane. The corresponding primaries are spherical harmonics with standard parity properties,
For a D-brane of type r, the Möbius amplitude in the open channel therefore reads
where l 0 = min(2r, k − 2r), and we have allowed for an arbitrary overall sign, ε ′ r , which would determine the type of projection for D-brane of type r. Transforming the above amplitude to the closed channel with the P matrix, leads after some elementary algebra to:
The crosscap and D-brane coefficients are given by (3.11) and (4.4). Consistency requires the C j (0) to enter in this expression without absolute value, or extra signs. This is the case provided: (a) the sign of the crosscap coefficients does not depend on the spin j, in agreement with our semiclassical reasonning leading to (3.25) in section 3, and (b) the projection alternates with the D-brane type,
Note that at the level of genus-one vacuum diagrams all types of D-branes are a priori allowed, provided the above condition is respected. From the geometric viewpoint this conclusion cannot, however, be correct. The l = 0 open-string states include three translation zero modes [5] that would survive the projection if ε ′ r were positive. But rigid translations displace the geometric center of the brane away from the north pole of S 3 , and are inconsistent with the h 0 symmetry. Thus ε ′ r better be always negative. Equation (5.7) then implies that only branes of 'integer type' are in the spectrum for an O0 − orientifold at the north pole, while only 'half-integer types' are allowed if the north-pole orientifold is O0
+ . In either case, there are no zero modes in the open-string spectrum.
Another argument, leading to the same conclusion, goes as follows: Since the D2-branes in the orientifold theory are geometrically RP 2 s, the monopole flux (n) through them has to be even. From eq. (4.8), which relates n to the D-brane type, we conclude that only D-branes of integer (half-integer) type s are allowed when n 0 is odd (even). But n 0 /2 is precisely the B-flux through an RP 2 around the orientifold north-pole, as can be seen from eq. (4.6). Thus the type of the north-pole orientifold determines the set of allowed Cardy states, in agreement with our previous argument about zero modes.
D-branes in O2 models
Let us move on now to the involution h 2 , which maps a D-brane of type r onto its mirror brane of type k/2−r. The D2-branes will thus come in pairs, except when k is even in which case there is an invariant brane at the equator. The generic Möbius amplitude involves strings stretching between mirror branes, and transforming in KacMoody representations with spin j = k/2 −2r, · · · k/2. Since the spherical harmonics do not transform under h 2 , we expect the Ωh 2 projection to be j-independent. 6 Thus the Möbius amplitude in the open channel should read:
Transforming to the transverse channel with the P matrix, and comparing with the expected form, 9) we find that ε ′ r = sign (T O2 ) for all r. All (pairs) of WZW D-branes are allowed here, and all but the equatorial brane have zero modes. These correspond to simultaneous rigid motions of a brane and of its mirror image.
Let us conclude this section with a subtle point. Naively, one may have thought that the B field should vanish on the equator two-sphere, where the geometric h 2 action is trivial. This is the case for the background 10) which corresponds to the choice −n 0 = k/2 + 1 in eq. (4.6). For k even this is indeed an allowed choice, but when k is odd it has (observable) singularities at the poles. Does this mean that the O2 orientifold is inconsistent unless k is even (like the SU(2)/Z 2 orbifold)? The answer is 'no'. The field B can, in fact, be non-zero on the orientifold two-sphere, provided B and −B are related by a (large) gauge transformation. When k is odd our spherical orientifold has a non-trivial Z 2 flux on its worldvolume, which is however perfectly consistent. An analogous situation is known to arise in the flat, toroidal case [32] . Notice that the discrete B-flux on the O2 should not be confused with the discrete fluxes out of an RP 2 surrounding an O0. The difference is similar to the difference between a magnetic charge and a flux line.
SL(2, R) and NS fivebranes
It would be interesting to extend our analysis to GKO coset models, Gepner models, and to other group manifolds. In place of concluding remarks, let us briefly discuss here the special case of the group manifold SL(2, R), and comment also on the embedding of our orientifolds in the near-horizon geometry of NS fivebranes.
The manifold of SL(2, R) is a hyperboloid in R 2,2 . This is obvious when one parametrizes real 2 × 2 matrices as follows:
Cylindrical coordinates are defined through the relations To preserve an O(3) symmetry, the orientifold must intersect the branes at right angles, and extend along either one or three transverse dimensions. Assume for simplicity that the NS branes live inside the orientifold, i.e. that this latter extends also along 056789. There are then two distinct possibilities: (i) an O6 plane cutting the three-sphere at the two poles, or (ii) an O8 plane cutting S 3 at an equator two-sphere. These are precisely the orientifolds we found in the WZW model. Now it is a well-known fact that when an O6 crosses an odd number of NSbranes, it changes its type from O6 − to O6 + and vice versa [19, 20, 21, 22] . This agrees again with our observation that when the Kac-Moody level k is odd, the northand south-pole orientifolds must be of opposite type. The topological argument for this is, as a matter of fact, the same in both contexts. Now using the following Gauss sum, valid for integer x: 
